In this paper we present a new formulation of a large class of phase-eld models, which describe solidi cation of a pure material and allow for both surface energy and interface kinetic anisotropy, in terms of the Ho man-Cahn -vector. The -vector has previously been used in the context of sharp interface models, where it provides an elegant tool for the representation and analysis of interfaces with anisotropic surface energy. We show that the usual gradient-energy formulations of anisotropic phaseeld models are expressed in a natural way in terms of the -vector when appropriately interpreted. We use this new formulation of the phase-eld equations to provide a concise derivation of the GibbsThomson-Herring equation in the sharp-interface limit in three dimensions.
Introduction
The presence of surface energy anisotropy in the solidi cation of a pure material is a phenomenon of both practical and theoretical importance. In practice it leads to non-spherical equilibrium shapes, which, if the anisotropy is su ciently pronounced, may exhibit missing orientations (e.g., edges or corners) or facets ( at surfaces). Its importance has been recently highlighted by the suggestion that it may be responsible for the selection of the dendrite tip operating state in the growth of a dendrite, see 1] for a review. Computations of dendritic growth using the phase-eld method in two dimensions also suggest that surface energy anisotropy is an important e ect in dendritic growth 2, 3, 4] . Various ad hoc modi cations to phase-eld models have been proposed to represent surface energy anisotropy. However, only for the models proposed by Caginalp and Fife 5] and Kobayashi 3] is the corresponding boundary condition for the interfacial temperature in the sharp interface limit known and then only for an interface represented as a one-dimensional curve, see 7, 6] . In reality, dendrites are three-dimensional and a sharp interface model requires the representation of their interfaces as two-dimensional surfaces. A phase-eld model can also provide a setting for computation of three-dimensional dendrites, see 8] . In order to assess such computations and to establish the above phase-eld models as good models of rst order phase transitions with anisotropic surface energy and kinetics it is important to establish that they approach the appropriate free-boundary problem in the sharp interface limit. It is the aim of this paper to address this issue.
In this paper we provide a new formulation of a class of phase-eld models that allow anisotropic surface energy and interface kinetics in terms of the Ho man-Cahn -vector 9, 10]. We exploit this representation to show that in the sharp-interface limit these phase-eld models yield, at leading order, a free boundary problem in three dimensions which correctly accounts for the surface energy and kinetic anisotropy. In a previous paper 7] we derived the corresponding result in two dimensions for a speci c phase-eld model using a rather lengthy asymptotic analysis. In contrast, the -vector formulation we develop here allows for a concise derivation in three dimensions of a large class of anisotropic phase-eld models, including those of Caginalp and Fife, and Kobayashi. Ho man and Cahn 9] introduced the notion of a -vector to represent the anisotropic surface energy of a sharp interface separating two phases. It provides a particularly elegant and useful device to describe an interface with an anisotropic surface energy, (ñ), whereñ is the unit normal vector to the interface. It yields a succinct form of the equation for the interfacial temperature, T I ,
{2{ PHASE-FIELD -VECTOR June 15, 1995 which can be shown to be equivalent to the classical Gibbs-Thomson-Herring equation; here we have neglected the e ects of interface kinetics, which we consider in more detail below. T M is the melting temperature, L is the latent heat of fusion per unit volume and r S ~ is the surface divergence operator in the interfacial surface S applied to the -vector. The surface divergence of the -vector is equivalent to the notion of generalised mean curvature, as discussed by Taylor et al. 11, 12] . For the case of a two-dimensional geometry this reduces to the well-known form 14]
where ' is the angle of the normalñ of the interface to a xed direction, and K is the local curvature of the interface.
Various modi cations to phase-eld models to allow for surface tension anisotropy have been suggested. Langer 15] proposed including terms of squares of higher derivatives of the phase eld and gave an example leading to cubic anisotropy. Caginalp and Fife ( 5] , see also 6]) suggested that the square gradient term that appears in the free-energy functional could be replaced by a more general quadratic form with di erent coe cients in each coordinate direction. A di erent approach is to include nearest neighbour interactions in a discrete formulation of a di use interface, see Cahn and Kikuchi 16] . More recently Kobayashi 3] and Wheeler et al. 2] have allowed the coe cient of the gradient energy to depend on the local orientation of the gradient of the phase eld. A formal asymptotic analysis corresponding to the sharp interface limit in two dimensions was conducted by McFadden et al. 7] to show that the appropriate form of the boundary condition for the interfacial temperature was obtained. Other previous works have also established formal sharp interface limits for either a particular form of the anisotropy in two dimensions (see, e.g., 5, 6]) or for the isotropic case in three dimensions (see, e.g., 17]). Rigorous results for the identi cation of limiting variational problems through the so-called ?-limit have been established by a number of authors (see, e.g., 18, 19, 20, 21] ).
In section 2 we brie y review the Cahn-Ho man theory of the -vector for a sharp interface. In section 3 we show how the -vector arises in a natural way for a class of anisotropic phase-eld models. In section 4 we examine a sharp interface limit of the anisotropic phase-eld equations and recover the Gibbs-Thomson-Herring equation. Conclusions are given in section 5. Some technical points are relegated to appendices, which contain summaries of the relevant di erential geometry and asymptotic expansions that are employed in the body of the paper.
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The Ho man-Cahn -vector
Here we brie y review the elements of the theory of the -vector given by Ho man and Cahn 9] .
For an isotropic surface energy , the equilibrium shape of a solid particle surrounded by its melt is described by a form of the Laplace-Young equation K = F; (3) where K is the local mean curvature of the solid/liquid interface and the constant F is the di erence in the bulk free energies between the liquid and solid phases. The Laplace-Young equation can be derived by minimizing the surface energy subject to a volume constraint. The equation may also be written in terms of the surface divergence, r S ( ñ) = F; (4) whereñ is the local normal to the interface. Properties of the surface di erential operator r S are reviewed in Appendix A; the property relevant here is that r S ñ = K.
In the anisotropic case, the surface tension of the solid/liquid interface depends on the local orientation of the interface, which can be expressed as a functional dependence of the the surface tension on the local unit normal to the interface, viz., = (ñ). Cahn and Ho man show that from the function (ñ) a vector~ can be de ned such that the anisotropic version of Eq. (4) which governs equilibrium shapes has the form r S ~ = F; (5) the -vector reduces to the vector ñ if is constant. Cahn and Ho man give a formal de nition of the -vector in the form~ = r (r^ ( ; ')); (6) here we have expressed the normal vector in terms of the spherical coordinates and ', and have written^ ( ; ') = (ñ( ; ')). The gradient appearing in Eq. (6) 
wherer,~ , and' are unit vectors in the coordinate directions. It should be emphasised that the unit vectorsr,~ , and' belong to a coordinate system associated with a speci c point on the interface, and are used to describe vectors based at that point. In particular, in this coordinate system the normal to the interface is given byñ( ; ') =r( ; '), so that the normal component of the -vector is given by {4{ , as in the isotropic case. In the anisotropic case,~ also has components that lie in the plane tangent to the surface, which is spanned by the unit vectors~ and'.
In the above de nition the -vector is parametrised by the spherical coordinates of the normal vector to the interface, with~ =~ ( ; '). If the equilibrium shape is smooth and convex, then the angles and ' can themselves be used in a parametric description of the interface itself; that is, the interface can be expressed in the formx =x( ; '), where and ' range over the unit sphere.
Although this appears to be a highly implicit description, since the interface shape is parametrised in terms of its normal, it leads to an explicit expression for the interface shape. In fact, Ho man and Cahn 9] show that the interface position vector can be expressed in the form x = 2 F~ ; (8) so that the -vector actually provides an explicit description of the equilibrium shape determined by (ñ).
That the argument of (ñ) is constrained to be a unit vector can be a complication when taking variations of the surface energy; this is one reason for introducing^ ( ; '). As pointed out by Taylor 
which extends as a homogeneous function of rst degree. With this extension, the function r^ ( ; ') used in the above de nition (6) of the -vector is given by r^ ( ; ') = r (ñ) = (rñ); (10) which leads to the de nition
which is valid for vectorsp of arbitrary length. For example, if the interface is expressed as a level set (x) = constant, then the vectorp with components p j = @ @x j (12) is proportional to the normal vector, and the surface tension is given by = (r ); Eq. (11) then de nes~ =~ (r ).
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Since (p) is a homogeneous function of rst degree, it satis es the identity
which results from di erentiating the expression ( p) = (p) with respect to and setting = 1.
We note that here and throughout this paper we employ the Einstein summation convention with the dummy indices ranging from one to three. Di erentiating the expression =p ~ and using the de nition Eq. (11) to obtain d =~ dp; (14) results in the expressionp d~ = 0;
Cahn and Ho man use the fundamental relations (14) and (15) to provide a physical interpretation of the -vector. They show that ?~ represents a force exerted by an elemental area of the interface which acts to rotate and contract the element in such a manner as to reduce its free-energy. In particular, the component of~ in the directionñ acts to reduce the area of the element without rotation and the component orthogonal toñ acts to rotate the element without contraction of its area.
Just as the surface divergence of the -vector replaces the term K in the Laplace-Young equation, the isotropic Gibbs-Thomson equation
assumes the form
in the anisotropic case; the main goal of the present paper is to establish that this equation is recovered in an appropriate sharp-interface limit of a wide class of anisotropic phase-eld models. We note that Ho man and Cahn were able to relate the equilibrium shape given by Eq. (8) to the Gibbs-Wul construction that also gives the shape of equilibrium interface. In addition, Cahn and Ho man extended this theory, in a very natural manner, to the situation where the anisotropy of the surface energy is so severe that the equilibrium interface su ers missing orientations or facets.
-vector Formulation of Phase-Field Models
In this section we show how the -vector arises in a natural way in a broad class of anisotropic phaseeld models. Many phase-eld models for the solidi cation of a pure material consist of a thermal {6{ di usion equation coupled to a form of modi ed Cahn-Allen equation whose double well minima have depths that vary with temperature. Speci c models di er in the form of bulk free energy density that is employed, and in the particular convention used to normalise the bulk values assumed by the phase-eld function. In the sharp interface limit, the asymptotic analysis of the thermal di usion equation produces the usual interfacial jump conditions for the temperature eld, consisting of the continuity of temperature and the balance of latent heat generation by the jump in heat ux across the interface. The modi ed Cahn-Allen equation produces the condition for thermal equilibrium, including the Gibbs-Thomson e ect and the e ect of interface kinetics. For our purposes it su ces to limit the discussion to the treatment of the modi ed Cahn-Allen equation only, and for simplicity we derive the equation from a relatively uncomplicated form of Helmholtz free energy functional. The speci c form of free energy density that is employed is unimportant to the discussion, because in these models the surface tension anisotropy is produced through the choice of gradient energy expression in the free-energy functional.
We consider a Helmholtz free energy functional having the form 
{7{ PHASE-FIELD -VECTOR June 15, 1995 The interface has a surface energy given by ; (23) which is proportional to the product of the interface thickness and the energy per unit volume 1=a associated with the double-well barrier height.
For T 6 = T M the equation admits a one-dimensional traveling-wave solution 22] (x; t) = 1 2 tanh x ? V t + 1 ; (24) where the velocity is proportional to (T M ? T),
The form of this relation suggests that the mobility parameter m can be related to the interface kinetic
a result which can also be established through a sharp-interface limit such as considered below. The free energy functional can be rewritten in the form 
The sharp-interface limit corresponds to the case that the di use interface width is small compared to a characteristic macroscopic length scale R, which can be taken to represent a typical radius of interfacial curvature in the nonplanar case. We consider the distinguished limit p a=R ! 0 and aL ! 0, while maintaining a nite value for the ratio = p a in order that the surface energy remains nite in the limit. 
To formulate an anisotropic model in which the surface energy depends on orientation, Kobayashi 4] de nes a normal vector to the level curves of the phase eld at each point in space by setting = r jr j
and inserts the function (r =jr j) in the relation (23) 
In this form it is straightforward to take the variation of the functional to obtain
We note the occurrence of the -vector, with components k = @ =@ x k , in the above expression. The 
here we have assumed that (p) and (p) are homogeneous functions of rst degree in order to include the e ects of both surface tension anisotropy and kinetic anisotropy. We note that in this notation the anisotropy suggested by Caginalp 
The expression 1
is the divergence in curvilinear coordinates (see Appendix A) of the product of~ and the -vector.
4. The Limit ! 0.
In the limit ! 0, we expect the formation of a thin interfacial layer about the surface (x; y; z) = 1=2 in which varies rapidly between zero and unity. We assume that the surface (x; y; z) = 1=2 moves with normal velocity v n into the liquid phase, given by = 1.
In this anisotropic formulation of the phase-eld equation, the main technical di culty in conducting an asymptotic analysis lies in dealing with the term r ( ~ ) in the interfacial layer. We now examine its expansion in the interfacial layer.
Expansion of r ( ~ )
In the limit ! 0 we anticipate the formation of an interfacial layer of thickness O( ). We therefore introduce the rescaled coordinate , de ned by u 
The inner expansion of the gradient of~ is then found to be
We rewrite the divergence as the sum of three terms,
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The inner expansion for this expression can be obtained using the intermediate results 
that are derived in Appendix B; here (ñ) and~ (ñ) correspond to the surface energy and -vector evaluated at the normal to the leading-order interface position, and are independent of . The surface divergence operator also corresponds to the interface = 0. We then have that
and p g
We now go on to develop the solution for at each order in the interfacial layer.
Leading Order
The leading order problem for~ 
Hence~ (0) is given by the planar interface solution discussed above and sõ 
The leading-order dimensionless surface energy is (ñ), and
from which it follows that r S I = ? I (ñ) r S (ñ);
we shall use this identity below, when invoking the solvability condition. ; (60) where we have employed the identity (57) in the last step. In a similar fashion we also nd that 
Discussion
The -vector formulation originally developed by Ho man and Cahn was used in the context of a sharp interface model where it is a vector eld with a domain restricted to the surface of the interface. We have shown above that the same -vector arises naturally in phase-eld models that describe a di use interface. In this setting the -vector is de ned throughout the whole domain as the vector eld~ (~ ), i.e., the -vector at a point in space is given by the Ho man-Cahn -vector evaluated at the local normal~ to the level curve of the phase eld.
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As noted in section 2 in the context of a sharp interface description, (p) =p ~ (p); (63) where the normal vector to the interface is given byñ =p=jpj. This result also holds in the phase-eld context in whichp various throughout the domain, and~ =p=jpj is the local normal to the phase-eld contours. Further, we note that along a curve u j = u j (!), we have that d d! = @~ @p k dp k d! =~ dp d! (64) where dp=d! is the covariant derivative ofp along the curve. Di erentiating the identity (63) 
gives that
This expression inserted into Eq. (62) gives the extension of the formula due to Herring 14] for the temperature of a moving curved interface.
Conclusions
The gradient energy term in an anisotropic phase-eld model of the general type discussed by Kobayashi 4] can be formulated in terms of the surface energy (ñ). The variation of the resulting free energy functional is easily computed if the argument of the surface energy has been extended to vectors of arbitrary magnitude as a homogeneous function of rst degree 11, 12] . The resulting variational equation for the phase eld contains the -vector of Ho man and Cahn 9, 10] . A formal asymptotic analysis of the sharp interface limit 7, 23] recovers the Gibbs-Thomson-Herring equation 14], in this case expressed in terms of the surface divergence of the -vector. We have assumed that the surface tension anisotropy is mild enough that missing orientations do not occur in the Gibbs-Wul construction. The recognition that the phase-eld equations can be formulated in terms of the -vector provides a natural setting in which to investigate the way in which a phase-eld model can describe the situation in which missing orientations and facets would be present in a sharp-interface model as well for the development of weak solutions and associated numerical methods. These are lines of research currently in hand.
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where K is the mean curvature of the interface.
A.2. Surface-Fitted Coordinates
We next extend the coordinate system given above to provide coordinates in a neighbourhood of the surface. To do this, we introduce a third coordinate in the direction of the normal vector, and express a general position vectorx asx 
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